Integral formulae for the correlation functions of the XYZ model with a boundary are calculated by mapping the model to the bosonized boundary SOS model. The boundary K-matrix considered here coincides with the known general solution of the boundary Yang-Baxter equation. For the case of diagonal K-matrix, our formulae reproduce the one-point function previously obtained by solving boundary version of quantum KnizhnikZamolodchikov equation.
Introduction
The XYZ model, the eight-vertex model and the ABF model are the representative examples of solvable lattice models in statistical mechanics [Bax] . In addition to the exact results e.g. free energy, one-point function, relations with many areas of mathematics and physics have been studied: conformal field theory, integrable quantum field theory, theory of Lie algebras and its representation theory. In the last years, the boundary problems of the solvable lattice models have been investigated intensively. Under a special boundary condition the models with boundaries are also solvable [Skl] . In this case the boundary condition is described by the so called K-matrix and the integrability of the model is ensured by the boundary version of the Yang-Baxter equation which includes the K-matrix in addition to the R-matrix.
There are several ways to solve the models. Among them the vertex operator approach is the one which allows us to get deep insights on the symmetry of the model and to obtain integral formulae for the correlation functions. This approach is first launched on the XXZ e-mail:ss77070@komaba.ecc.u-tokyo.ac.jp model [JM] . In this case the symmetry of the model is described with the quantum affine algebra U q ( sl 2 ). Representation theoretical counter parts of the space of the states, the transfer matrix and the creation operator of the elementary excitation are the level one higest modules, type I vertex operators and type II vertex operators of U q ( sl 2 ) respectively. By bosonizing the algebra, the modules and the vertex operators, the hamiltonian is diagonalized and the formulae of the correlation functions are obtained. The same recipe is applied to the ABF model and its symmetry is described by the deformed Virasoro algebra [LuP] . As for the boundary problems, the half-infinte XXZ model with a diagonal K-matrix is studied by this approach in [bdry XXZ] . The vacuum states are constructed in Fock spaces and the correlation functions are obtained.
For the boundary ABF model, daigonalization of the transfer matrix is carried through in [MW] .
On the other hand, for the XYZ model, until recently the bosonization was not known. Diffence equations of quantum Knizhnik-Zamolodchikov types are used to get the correlation functions. The bulk case is discussed in [bulk qKZ] and the boundary case is in [bdry qKZ ] for a diagonal K-matrix. The bosonization is achieved in [LaP] , [LaP1] by mapping the model to the ABF model without restriction (the SOS model) through the face-vertex correspondence. The correlation functions of the XYZ model are expressed with that of the SOS model with non local insertion called the tail operator. The Baxter-Kelland formula for the one-point function is reproduced as a special case.
In this paper, we apply the bosonization scheme of [LaP] to the boundary problem of the XYZ model. The K-matrix discussed here is obtained from the diagonal K-matrix of the ABF model through face-vertex correspondence. It has off-diagonal elements and coincides with that of [IK] which is a general solution of the boundary Yang-Baxter equation. We obtain the integral formulae for the correlation functions for this general boundary condition. And as a special case of the formulae the results of [bdry qKZ] and [bdry XXZ] are reproduced .
In Sec.2 we formulate the boundary XYZ model. In Sec.3, we recall the results of [MW] . Modification to the unrestricted case is almost trivial. Sec.4 is the main part. After discussing the face-vertex correspondence, we give the formulae for the correlation functions. In Appendix C, we detail the correspondence of our K-matrix and the one of [IK] .
2 The boundary XYZ model
The bulk weights and lattice vertex operators
First we fix the convention of the R-matirx (Fig.1) . Originally the R-matrix is found by Baxter as the local Boltzman weight of the eight-vertex model [Bax] . Here we follow [LaP] in which elements R(u)
++ −− are negated as compared to the one in [Bax] . The elements are defined as
Notation of theta functions are given in Appendix A. We use the parameters ǫ and r and consider the so called principal regime
We also use the follwing parameters
The common factor κ(u)R 0 (u) is so chosen that the partition function per site is equal to one
3)
(1 − zp
The R-matrix satisfies the relations (i) Yang-Baxter equation
(ii) Unitarity relation
We will call the half infinite transfer matrix φ ε (u) "lattice vertex operator of vertex type" and φ * ε (u) its "dual" (Fig.2) [bulk qKZ]. A vertex-path is a semi-infinite sequence (. . . , p(2), p(1)), v(n) ∈ {+, −}. We denote by H i , i = 0 or 1 the eigenspace of the corner transfer matrix [Bax] in the NE quadrant spanned by paths such that p(n) = (−1) n−i for n ≫ 1. Then the lattice vertex operators act on these spaces as
All these are unrigorous picture but for the XXZ model, the model has the symmetry described by the affine quantum group U q ( sl 2 ) and H i are identified with the level one higest weight modules of U q ( sl 2 ) [JM] . And lattice vertex operators are identified with the intertwiners for these modules. For the eight-vertex model, the elliptic affine quantum group A q,p ( sl 2 ) is expected to play the same role [Aqp] .
The boundary XYZ model
The boundary of the model is formulated with a K-matrix which satisfies the following equations [Skl] (Fig.1) .
(iv) Boundary Yang-Baxter equation
(2.12) (v) Boundary unitarity relation
Explicit form of K-matrix will be given in Sec.4.2. Then the transfer matrix for the boundary eight-vertex model T B (u) is defined as
14)
The boundary Yang-Baxter equation ensures the integrability of this model
The Hamiltonian of the XYZ model with a boundary is defined as (2.16) and it is connected to the boundary eight-vertex model as
where
, (2.19)
See Appendix A for elliptic functions snh, cnh, dnh and the elliptic modulus k, the half-period magnitude K.
We assume that the boundary transfer matrix T B (u) acts on the well defined infinite dimensional subspace of . . . ⊗ C 2 ⊗ C 2 ⊗ C 2 and denote it by H i B i = 0 or 1. The space H i B is the eigenspace of T B (u) spanned by paths such that p(n) = (−1) n−i for n ≫ 1. Then
(2.21)
Contrary to the bulk problems mentioned in the previous subsection, affine quantum algebras are not the symmetry of the models anymore and the representation theoretical meaning of the space H i B is not clarified yet even for the XXZ model [bdry XXZ] . We assume existence of the lowest energy state in each sector |i B ∈ H i B at least for the regions Γ = 0, ∆ → −∞, h z : arbitrary, h x , h y : small, and Γ, ∆ : arbitrary, h z : small, h x , h y : small. When Γ = 0, ∆ → −∞ h x = h y = 0, The state is given by a path 3 The boundary SOS model
With some modifications, we recall the result of [MW] which concerns the boundary problem for the ABF model with a diagonal K-matirx. In [MW] , by following [LuP] and [bdry XXZ] , the boundary transfer matrix T 
The SOS model
Local Boltzmann weight of bulk type is given as follows [ABF], we follow the convention of [LaP] (Fig.3) .
4)
R 0 (u) is given in (2.4). The site variable a called height is an integer and satisfies the admissiblity:
for variables a 1 , a 2 at adjacent sites
The difference between our formulation and [MW] is that we do not impose the restriction
We consider the so called regime III:
The Boltzmann weight satisfies the relations (i) Star-triangle relation
Lattice vertex operators of face type (half infinite transfer matrices) φ(u) n ′ n , φ * (u) n ′ n , n ′ = n ± 1 are defined as in the Fig.4 [LuP] . A face-path is a semi-infinite sequence of integers (. . . , a 2 , a 1 ). Among them, a (l, k)-path is the one having central heights k and the boundary heights (l, l + 1), that is (. . . , l + 1, l, l + 1, l, . . . , k). We denote by H l,k the eigenspace of the corner transfer matrix [ABF] in the NW quadrant spanned by (l, k)-paths. Then
From graphical argument, following relations can be derived (i) Commutation relation
(ii) Duality
(3.14)
The boundary SOS model
The boundary weight: K-matrix is given as a solution of the eqaution: (iv) Reflection equation
In [MW] , the diagonal solution found by [BPO] is used ( Fig.3 )
There are two regions A and B depending on the parameter c region A : (3.18) and u is restricted to satisfy
Then the unnormalized boundary transfer matrix is defined as
and we will denote its eigenspace spanned by (l, k)-paths as H B l,k . The reflection equation (3.16) implies the integrability of the model
The ground state of the model depends on c as
That is the ground state belongs to H B k,k , H B k−1,k for b > 0, b < 0 respectively. The normalizaiton of the K-matrix is so chosen that the largest eigenvalue of the boundary transfer matrix T 26) and for b < 0
There are two more relations satisfied by K-matrix (v) Boundary unitarity relation
For definiteness, we write down the boundary transfer matrix in the normalised form
Bosonization
Bosonization of the objects introduced in the previous sections are achieved with the following oscillators [LuP] . (3.38) and the Fock space F l,k and its dual F * l,k are defined as
For H B l,k we assume
Bosonic vertex operators are given as should be exchanged.
Commutation relation, duality and inversion relation forΦ ε (u) follow.
Hence we identify lattice vertex operators and bosonic ones as
Then the boundary transfer matrix in the bosonic language is
RemarkΦ ε (u),Φ * ε (u) serve as vertex operators for [LaP] where (3.15) of [LaP] is modified as
and fixing the parameter m = 1.
Boundary vacuum states
The maximal eigenvectors of T 
It is easily shown with (3.14) that these are equivalent to
Their explicit form is obtained by solving these equations [MW] |k
[m]
Note that as a linear combination of paths, the boundary vacuum states coincides for the restricted SOS and unrestricted SOS model.
Alternative bosonization
In Sec.4, we need another bosonization such that
It is given as follows. Vertex operators are realized as
As for the boundary vacuum states, conditions (3.68) are changed as 87) and the states are given by (3.93) 4 Correlation functions of the boundary XYZ model
In this section, we consider the correlation functions for the sector i = 0 of H i B . The case i = 1 can be handled in the same way.
Face-vertex correspondence of the bulk weights
We recall the face-vertex correspondence of the bulk weights [Bax76] , [LaP] . The intertwining vectors are given as * t + (u)
2) * We fix the parameter m = 1 in [LaP] .
where n ′ = n ± 1. Its conjugate: t * ε (u) n ′ n , primed: t ′ ε (u) n ′ n and primed conjugate: t ′ * ε (u) n ′ n are given by (Fig.5 )
They satisfy the following relations (Fig.6 )
The basic face-vertex correspondence is (Fig.7 ) 8) and from this identity and (4.7) we get the variants, for instance
(4.10)
Note that the principal regime of the XYZ model (2.2) is mapped to the regime III of the SOS model (3.7).
Face-vertex correspondence of K-matrix
We make a K-matrix of vertex type K(u; c, l, u 0 ) from the K-matrix of Sec.3 as
It can be easily verified by graphical argument that this K-matrix satisfies the boundary YangBaxter equation (2.12). As we will see below, through this face-vertex correspondence of Kmatrix and those of R-matrix, the sector i = 0 of the boundary XYZ model is mapped to the region b < 0 of the boundary SOS model. And this fixes the normalization of the K-matrix of the SOS model in (4.11). As far as we know, this is the first time this face-vertex correspondence of K-matrices is published. See Sec.5 for another face-vertex correspondence. Explicit form of elements are We show below that the diagonal K-matrix of [bdry qKZ] is a sepcial case of this K(u; c, l, u 0 ). Our convention of parameters are that of [MW] , [LaP] and the correspondence with [bdry qKZ] is as follows. We attach the subscript "d" to those of [bdry qKZ ].
Then the diagonal K-matrix is as follows.
The parameter r d is for the magnetic field h z and −1 < r d < 1 corresponds to the sector i = 0. The parameter η d satisfies 
(4.23)
Therfore the parameter for the magnetic filed η d is identified with c as
Thus, from (4.19), the region considered in [bdry qKZ ] is mapped to the regions of the SOS model (3.18) as ) differ by over all factor. Therefore we should change the intertwining vectors as
where f (u) satisfies
But these new intertwining vectors satisfy the relations (4.7) as before and in the formuale for the correlation function (4.37), (4.43) the vectors always consist such a pair that the factor f (u)'s cancel. Therefore we can substitute the vectors dressed with f (u) for those not dressed.
It can be verified that this K(u; c, l, u 0 ) coincides with K g (u g ; ξ g , λ g , µ g ): the general solution of the boundary Yang-Baxter equation obtained in [IK] (We use the subscript g for [IK] ). Relations between the parameters {c, l, u 0 } ↔ {ξ g , λ g , µ g } are highly complicated and discussed in Appendix C.
Correlation functions
In this section, we give the integral formulae for the correlation functions of the boundary XYZ model. For clarity we mainly discuss a special case of one-point functions i.e. the boundary magnetization but generalization to N -point case is straightforward though cumbersome.
Basic idea
We denote the matrix unit operator acting on the site r as E r εε ′ e.g.
Our strategy is represented as the following naive equation
( Fig.10) = lim ξ,ξ ′ →1
( Fig.11 ) (4.32)
The first equality comes from (2.17) and the same reasoning as in the bulk case [Bax] , [JM] . The second and the third equalities are argued in Sec.3 of [bdry qKZ] . They argued the equivalence of two lattices Fig.9 and Fig.10 and made following identification The fourth equality is from the equivalence of two lattices in Fig.12 . Iteration of face-vertex correspondences of the local Boltzmann weights on one lattice yields the other. This is the boundary version of [LaP] . The fifth equality comes from the similar augument for the second and third above. Thus the one-point function for the XYZ model is equivalent to the two-point function of the boundary SOS model with the insertion of the tail operator Λ ′ (u) m n . Here m = n − 2k, (k ∈ Z) because the number of vertex operator is even in (4.32). Graphical argument shows that the tail operator satisfies the commutation relation
To bosonise Λ ′ (u 0 ) n−2k n we have to consider two cases k ≤ 0 and k ≥ 0 separately [LaP] . In the former case, we use the bosonisation of Sec.3.3, 3.4 and the tail operator is given by
Note that
The commutation relation on a Fock space is
For k < 0, (4.39) is meaningless and we use the bosonisation of Sec.3.5 and
Normaizing Λ ′ (u) m n is needledss for our purpose, see e.g. (4.47).
K-matrix of general type
We evaluate the correlation with two types of bosonization in Sec.3 as
The boundary vacuum expectation values in this formula are one-fold integrals and the essential part of the integrands is
(4.44)
Then the boundary magnetization with a spectral parameter is given as
We used the coherent states to obtain this formula, see [MW] for detail.
Where . . . are the factors for normal ordering and given in Appendix B and
The cotour C is such that
0 , x 2rn+2(c+l)−1 (n ≥ 0) are inside and
0 , x 2rn+2(c+l)−1 (n < 0) are outside of it. Note that ζ 1 = x −1 ξ is not a pole of F (ξ, ζ 1 ; c, l, u 0 ).
We used following identities to make two terms in (4.49) together
. 
are inside and ζ 1 = x 2n−1 ξ, x 2n+1 ξ −1 , x 2rn−2c−1 , −x 2rn+r−1 (n < 0) are outside of it. As before ζ 1 = x −1 ξ is not a pole of F (ξ, ζ 1 ; c, l, u 0 ). We can reproduce the result of [bdry qKZ ] as a special case of these formulae
where we used
The formula for the difference of the boundary magnetizations in [bdry qKZ] can be also reproduced. We have 69) which can be seen easily by physical argument and discussed rigorously in [bdry XXZ] . hence
and R.H.S can be written in a simple form
Note that we are taking |0 B as the ground state. We can reproduce the result of [bdry XXZ] by taking limit x 2r → 0 lim
where the parameter r of [bdry XXZ] is identified with x −2c .
N -point correlation function
The N -point correlation function can be obtained in the same manner as discussed in [JM] , [bdry XXZ] . But the formula is highly complicated. Here we write down only the essential part.
Note that each term in R.H.S is N -fold integral.
Discussion
In [LaP] , "m and u 0 "-independence is carefully discussed. We explain this point with Fig.12 .
For the bulk problem, the correlation functions of the eight-vertex model should not depend on the parameters of the sorrounding intertwining vectors (l and u 0 ) in the thermodynamic limit.
(We use l for m of [LaP] .) This is nontrivial because the essential part of the correlation function has the form
where H n is the corner transfer hamiltonian of the ABF model (see (5.14) of [LaP] ). In our case, even in the thermodynamic limit l and u 0 remain as the parameters of the K-matrix. Therfore the correlation functions should depend on them as they do. It is argued in [FHS] that the general solution of the reflection equation of the ABF model can be constructed from that of the eight-vertex model through the face-vertex correspondence. Combining this with our argument of Sec.4.2, for the ABF model we can construct the general solution from the diagonal K-matrix. But this method is not applicable for the eight-vertex model since in our construction of (4.11) we can not use a non-diagonal K-matrix of the ABF model.
Finally we want to mention the related work of [FHSY] . In this paper the Bethe ansatz equation is obtained for the eight-vertex model with two-sided boundaries. The K-matrix considered is a general solution of the boundary Yang-Baxter equation. 
B Formulae for normal ordering
We list the formulae for normal ordering. For operators A, B, we write down AB such that AB = AB × : AB :.
x − (u 1 )x − (u 2 ) = z C Correspondence of the K-matrix with [IK] As claimed in Sec.4.2, we detail how K(u; c, l, u 0 ) coincides with the K-matrix given in [IK] . The subscript g is for those of [IK] which is a general solution of the boundary Yang-Baxter eauation. The relations between parameters are given as 
